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Derivative nonlinear Schrodinger equations and Hermitian
symmetric spaces

Allan P Fordy¥
Department of Mathematics, UMIST, PO Box 88, Manchester M60 1QD, UK

Received 23 June 1983

Abstract. It is shown that to each Hermitian symmetric space there corresponds an
integrable system of generalised derivative nonlinear Schrédinger equations (DNLS). The
nonlinear terms are related to the curvature tensor of the associated symmetric space. The
Hamiltonian form of these equations is presented. These results are an extension of those
presented in an earlier paper on generalised NLs equations associated with symmetric and
reductive homogeneous spaces.

1. Introduction

The nonlinear Schrodinger equation (NLS)

ig, = gux +2q*q° (1.1a)
and its derivative form (DNLS)
iq, = 4. +2i(g*q"), (1.1b)

have important applications in such fields as plasma physics and nonlinear optics, and
are well known to be completely integrable Hamiltonian systems. There exist vector
generalisations of each of these equations:

n

iqit = qjxx + 2 Z ‘ItquJ iqjt = qjxx + 21( kz qt‘hq,) (1.2(1, b)
=1 x

k=1

which are also soluble by means of the inverse scattering technique. The appropriate
linear scattering problems are respectively:

| nA n

: =1 ! . (1.3a)
¢n+l x _q,: —A ¢n+1‘
‘ \ A’ | Aq ... Aq,

d)l —-A % 32 d’l

: q A .

=l L (1.3b)
¢n+1 x _/\q,: __)‘2 ‘¢n+l
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When n =1 these eigenvalue problems correspond to the single component equations
(1.1) and were respectively discovered by Zakharov and Shabat (1972) and Kaup and
Newell (1978).

It is well known that equations (1.2) are associated with complex projective space
CP"=SU(n+1)/(S(U(1)xU(n))), as is evident from the form of the matrices in (1.3).
It was recently pointed out (Fordy and Kulish 1983) that the form of the multicom-
ponent NLS equation (1.2a) is very closely related to the symmetric space CP". This
symmetric space is Hermitian and it is this feature which was exploited in the above
cited paper.

For each Hermitian symmetric space G/K there is a very special element A of
the Cartan subalgebra b of g. The Lie algebra f of K is given by I=C,(A)=
{Beg:[A, B]=0}. Intheabove paper the linear problem (1.3a) was generalised by:

& =(AA+ Q(x,1))¢ (1.4)

where Q(x,t)e T,(G/K)=tangent space to G/K at point p,. The second-order
isospectral flow of (1.4) has cubic interaction term and the coupling coeflicients are
just the components of the Riemann curvature tensor of G/K. This is a direct
generalisation of (1.2a), so these equations are generalised NLS equations.

In the present paper the corresponding generalisation of (1.3b) is considered:

é.=(A2A+2A0Q(x, 1) . (1.5)

The second-order flow of (1.5) is now a generalisation of the DNLs equation (1.2b).
The coupling coeflicients are still the components of the Riemann tensor, but this time
the interaction term is the derivative of a cubic nonlinearity. These equations have
Hamiltonian form (3.13) given in terms of invariant quantities associated with the
symmetric space. As with (1.1b), the Hamiltonian structure is not canonical, but is a
constant matrix multiple of d/dx. This matrix is the inverse of the metric tensor at
point p, of the symmetric space G/K.

Homogeneous and symmetric spaces have often appeared in the literature, mainly
in the context of nonlinear sigma models and chiral fields. Some of this literature
discusses the existence of Lax pairs for these systems (Zakharov and Mikhailov 1978,
Eichenherr and Pohlmeyer 1979, D’Auria et al 1980, Eichenherr and Forger 1981).
However, these authors have not found a close relationship (such as in (3.12)) between
the nonlinearity and the curvature tensor. It is possible that if some of these calculations
were reworked, such a relationship could be derived.

Section 2 reviews some mathematical preliminaries concerning Lie algebras and
symmetric spaces. Section 3 derives the general results concerning DNLS equations
associated with Hermitian symmetric spaces. Examples will be found in § 4.

2. Mathematical preliminaries

In this section we state a number of relevant facts concerning simple Lie algebras and
symmetric spaces. Irreducible symmetric spaces are classified in terms of simple Lie
algebras, so we have no need of anything more general in this paper. We give the barest of

details. The full theory can be foundin (Helgason 1978, Humphreys 1972, Kobayashiand
Nomizu 1969).
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2.1. Simple Lie algebras; Cartan—Weyl basis

In terms of the Cartan-Weyl basis a complex, simple Lie algebra g has the following
commutation relations (Helgason 1978, Humphreys 1972)

(i) (hi, h]=0 Vh,heh
(ii) (h, e.]=a(h)e, Vheh,acd®

I
(iii) (e, e-,]=h,= ; d,h,
N,,,_;e.,ﬂg 0#’)""36@

(iv) [e””e’slz{o y+Be®.

It will be necessary to explain some of the terms.

(a) B is the Cartan subalgebra, which is the maximal Abelian subalgebra of
diagonalisable elements of g. ) has basis {4; }{ and d,, are the components of [e,, e_, ] &b
with respect to this basis. The number ! is the rank of the algebra.

(b) a:h-C are linear functionals called roots, on f and their values on some heb
are the eigenvalues of the matrix ad h. The corresponding eigenvectors, e,, are called
root vectors. The space of roots is called .

(c) The coefficients N, are the most complicated part of these commutation
relations. However, for the purposes of this paper their values are irrelevant.

2.2. Hermitian symmetric spaces

A homogeneous space of a Lie group G is any differentiable manifold M on which
G acts transitively (Vp,, p,e M, 3ge G/g+ p, = p,). The subgroup of G which leaves
a given point poe M fixed, is called the isotropy group at p, and is defined by:

K=K, ={geG:g" ps=po}.

It is a theorem that each such M can be identified with a coset space G/K for some
subgroup K and that this K plays the role of isotropy group of some point. There
are many topological and differential geometric subtleties, but we have no need of
them in this paper. We are only interested in the decompositions of the corresponding
Lie algebras.

Let g and f be the Lie algebras of G and K respectively, and let m be the vector
space complement of  in g. Then

g=i®m, (£, f]<t (2.2)

and m is identified with the tangent space T, M of M =G/K at point p,. At the
moment we have [, t]<{, but know nothing of (¥, m] and [m, m].
When g satisfies the conditionst:

g=1®m, [t 1)<t [f,mlem, [m, mlct (2.3)

then g is called a symmetric algebra and G/K is a symmetric space. These spaces
have a metric structure which is given by the restriction of the Killing form to m. As
usual, there exists a torsion free connection. Evaluated at fixed point p,, the curvature

t Helgason demands that { be compact. This corresponds to the metric being positive definite.
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tensor is given purely in terms of the Lie bracket operation on m:
(R(X,Y)Z2),,=-[[X Y], Z], X, Y, Zem. (2.4)
The components R;k, of the curvature tensor with respect to a basis X; of T, M
are defined by:
R(Xi, X)) X;= R X. (2.5)
The corresponding metric is given by the Killing form
g(X,Y)=Trad Xad Y, 8, =8(X, X;). (2.6)

Tensorial indices are lowered and raised in the usual way by means of the metric tensor
and its inverse.

For spaces of constant curvature, the Riemann curvature tensor is related to the
metric tensor in a simple way:

Ry =K(858:—5i8x) (2.7)

where K is the constant Gaussian curvature.

We are particularly interested in those symmetric spaces which have a complex
structure. This is a linear endomorphism J: m - m satisfying J°=—1. The vector
subspace m must have even real dimension. Hermitian symmetric spaces are very
special. For this paper, the most useful properties are algebraic:

(i) 3Aehs.t. t=C,(A)={Beg:[B, A]=0}

(ii) For a particular scaling of A, J=ad A

(iii) 3 a subset 87 < ¢™ of the positive root system s.t.

m =span{e.,}.ce- and a(A) is constant on 67,

(iv) Following from (iii) [e,, €3]=0if a, B€6” or a, 6. (2.8)

3. The linear problem

Suppose the Lie algebra g is Hermitian symmetric (see (2.3) and (2.8)):
g=t®m (3.1)

with f = C,(A), Aebh. As before, m is identified with the tangent space 7, (G/K) of
the symmetric space G/K. Choose a basis for which the Cartan subalgebra § is
represented by diagonal matrices.

Consider the linear equations:

b =(AA+AQ(x, 1)) (3.2a)

6. =S(x, ;1) (3.2b)
where Q(x, t)em and S(x, t; A)eg. The integrability conditions of (3.2) are:

AQ,=S8,-A[Q, S]-A7[A, S]. (3.3)

The matrix $ may be decomposed in terms of (3.1):

S(x, ; A)=8c(x, t; A)+ S, (x, t; A). (3.4)
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The integrability conditions (3.3) then decouple to give:
AQ, =S, —A[Q, Si]-AT[A, S,]

(3.5)
Skx = ’\[Q’ Sm]

where we have used [ A, S,]=0 since S, € C,(A). It is important to realise that the
integrability conditions have been rendered very simple by the special properties of
both a symmetric algebra (2.3) and the constant element A. For an nth-order
polynomial flow S =272, SY’A’ and (3.5) decouples further into a system of equations
for S and S'). These equations can be solved recursively, although the calculation
is not quite so simple as for the NLs equation. The second-order flow is particularly
easy to construct.

3.1. The second-order flow S=27_,SV'A/
It is convenient to make the following assumption:
S =80 =82=80=80=8=0, SV constant. (3.6)

This assumption is in accord with the well known case (1.3b). Furthermore it is possible
to invoke both the scaling and phase symmetry of (3.2a) to prove the necessity of
(3.6). Sufficiency is proved by the following calculation.

We need to solve

[Q, S{1+[A, 8]1=0 (3.7a)
[Q,81=0 (3.7b)
S —10,S21-[A, SPV]1=0 (3.7¢)
S =[Q,SsV] (3.7d)
Q, =S4 (3.7¢)

The first four of these are used to construct S while the remaining equation is the
evolution equation to be solved by inverse scattering. This evolution equation is locally
defined only if the constant matrix S§” is chosen carefully. With S = A, (3.7a)
implies:

[A, S -0]=0=> S0 =0 (3.8)

so that (3.7b) is identically satisfied. The solution of (3.7¢)—(3.7d) is a little tricky.

So as not to interrupt the main argument we just give the solution here, relegating
the proof to an appendix.

First, recall the decomposition (2.8 iii). This means that there exist functions g*(x, t)
and p®(x, t) such that:

Q= Zg (q%e.+pe_,) (3.9)
and that a(A) is a non-zero constant on 8%; set a(A)=a Va e 8*. Then

1
SS(Z) =" z N qapB[em e—B]

a a,fel
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1 .
Sw== T (qie.—pie-.)

axeb

R U A COPIR | ROt P P | 8 (3.10)

2
a gysco

In order to decouple the evolution equations (3.7¢), note the following: either
a+B—yisnotarootor a+B—yec8Va, B, ye 6" since (a+B~vy)(A)=a. This
implies:

1 1
2 q:’ea=<— Y giea—= Y 4°q'p’les e, e—a]])
acf” aaco” a g,yse8”

X

1 1
) pf‘e~a=—<— Y pieat— Y ppq’le_p e, es]]). (3.11)
* a A" g.y.6e0

ach acé x

These equations can be decoupled even further by using the definition (2.4) of the
Riemann curvature tensor. Using components (2.5) with respect to the basis {€.,}acs™:

aq? =(q% —a 'R§,_54°q"p"),

(3.12)
api =(—ps —a 'RZ5_,sP°P’q").
These equations have Hamiltonian form:
aqt =g°"Po 8H/ 8p”, ap; =g **3 6H/8q" (3.13)
with
H=-%(8.-5(q°p% —qip*) +a7'g,-.R%,-sP"4"q"P"). (3.14)

The summation convention has been used here and g,z is the metric tensor (2.6).
To derive (3.12) from (3.13) it is necessary to use some of the algebraic identities of
the Riemann tensor.
Since in the corresponding Hermitian symmetric space the Riemann tensor has the
property:
(Rg.y_g)*r'R:g_ys (315)
we can set p* = £(¢*)* with a = i. The minus and plus signs correspond to the compact

and non-compact forms respectively. Also in this case, the metric g,_ is Hermitian,
making the Hamiltonian operator:

0 go®
<g_aﬂ go )a, @, Beo (3.16)

skew Hermitian.

4. Classification and examples

On page 518 of Helgason’s book (1978) there is a table of symmetric spaces. Directly
beneath this table those spaces which are Hermitian are listed. Following the abstract
discussion of § 3 we now give examples of the linear problem (3.2a) and DNLS
equations (3.12) associated with each of the Hermitian symmetric spaces. The matrix
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S is easily calculated from the formulae of § 3 and is left to the reader.

SU(p+4q)
S(U(p)xUl(q))

This example includes the case of the vector pNLs (1.2b). The linear problem is
an equation in the Lie algebra su(p+gq), which is the compact real form associated
with the root space A,.,_;. When p=g=2 we have:

¢\ [HAT 0 ’ AL Aq2 )\ [
02| _ 0 lz'i)‘2 Aq4 Ags || &2
és | |—rgt —Agk|-dA? 0 |les]
balx \“AgF —AgE| O —}iA%f\¢s
The choice of A makes a(A) =i in the top right-hand block. The first two components
of the second-order flow are:

Alll

(4.1)

191: = ¢1x +2i< _;3 4,97 0 +qzq4q3")
7 x

(4.2)
12 =qaxx t 21( Y 9979+ 9:19:9% )
=4

The second two are generated from (4.2) by the interchange 13, 2« 4. There are
then the four complex conjugate equations.

Remark. The choice of compact real form su(p+q) corresponds to setting p,=—q;".
The noncompact real form su(p, g) corresponds to p;=gq}.

When p=1 we are dealing with the usual vector NLs equation and the symmetric
space is just complex projective space CP? Since this is a space of constant curvature
K we use (2.7) to obtain:

iq; =q?x+i<K<B Ze’ gﬁ-yq‘*(q’)*)q"> (4.3)
sYE X

and its complex conjugate. The metric is given by the Killing form (2.6) restricted to

the symmetric space. However, the Killing form is proportional to the trace form in

the fundamental representation. With respect to the root vector basis (which is not a

coordinate basis) the metric is thus proportional to 85 _., which gives the usual form
of (4.3).

CI Sp(n)/U(n)

The compact group Sp(n) (sometimes called USp(2n)) of 2n X 2n matrices which are
both symplectic and unitary is associated with the root space C,. For the simplest of
these n=2.

b1 3iA2 0 Aqy Aq: \ (&,
2} _|_0 JiA® Agy Ags || &2 (4.4)
é3 —AqT —Agi | -3A® 0 |l e '

¢4 x _’\‘fzk _MI?

Notice that this is a reduction of (4.1) with q,=¢,. The DNLs equations for this case

0 —lir?\oe,
!
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are given by (4.2) with the same reduction. In general:
Sp(n) - SU(2n)
U(n)  S(U(n)xU(n))

and corresponds to each of the off-diagonal blocks being symmetric. The non-compact
real form Sp(n, R) corresponds to the choice p; = qf.

DIII SO(2n)/U(n)

The orthogonal algebra so(2n) is the compact real form associated with the root
space D,. The general case is exemplified by the D, linear problem.

b, 3iA? 0 0 0 0 Aqy Ags Ade é,
¢ 0 5ia? 0 0 | -Aqx O Ag;  Ags é2
¢3 0 0 %IAZ O —)\q:; _/\q2 0 /\q4 d>3
b4 0 0 0 HAT | -Ags  —Ags —Aq. 0 b,
bs 0 Agt  agy o agd | A0 0 0 és
b6 -Ag¥ 0 AqY g% 0 —3iA* 0 0 b6
é- ~Ag%¥ -xg¥ 0 Ag¥ 0 0 ~-3ir* 0 #-
#s/, \-Aq¥ -rg¥t -aqf O 0 0 0 —HAY s
(4.5)

There are three basic equations

i‘hr=‘11xx+2i(Q1 24 q/Q;F+Qf(43QS_4246))
]#

X

192, =qaxx + 2i(qz ZG 9,97 +q% (4395 —q1q4)) (4.6)
Vil x

iqaf=qsxx+2i(qs ZS 9,9 +q’s“(q1q4+qzq6)) .
)=

X

Another three are obtained by making the interchanges 1 <> 4,2 < 6, 3<> 5. The system
is completed by complex conjugation. This is another reduction of the AIII case:

SO(2n) - SU(2n)
U(n)  S(U(n)xU(n))
this time corresponding to each of the off-diagonal blocks being anti-symmetric.
Notice that g4= gs=¢g¢=0 is a consistent reduction. This corresponds to taking

the subsystem D; of D,. Furthermore, this reduction is identical to the 3-component
vector DNLS equation. This corresponds to the isomorphism D;= Aj;, leading to

SO(6)  SU(4)
U@3)  S(U(1)xU(3))

SO(p+4) _
8Pl Sopxso@ P77

This symmetric space is only Hermitian when p=2. In general so(p)®so(q) has
no centre. When p =2 the so(2) subalgebra is the centre. Depending upon whether
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q is odd or even this symmetric space is associated with either B,.1),2 or D(g42)2.
The simplest non-trivial example is associated with D;. Even though D; = A;, SO(2) X
SO(4)# S(U(1) xU(3)). Indeed, this example has four independent components g,
not just three. The eigenvalue problem is possibly best understood in terms of the
skew symmetric matrix representations (Helgason 1978). However, the present calcu-
lation is more easily performed in the representation given by Humphreys (1972).
The eigenvalue problem is

b1 A Aqr A@2 | O Ay Ags b1
b2 -Aqt 0 0 —Ags 0 0 b2
-Aq% 0 0 -A 0 0

b3 _ q: Q: o) (4.7)

b4 0 AgY  agf | -iA® AqF Agd b4

os —-Aq% 0 0 —Aq, 0 0 s

#6/x \—Aqf O 0 | -A¢z O 0 b6

There are two basic equations
191, =q1xx t 2i<q1 ,;3 ;97 -q2q4q§)

! ¥ (4.8)

x

192:= Qox + 2i<‘12 _; 9,9F _41‘1341)
1

Two more equations are obtained by the interchange 1 < 3, 2« 4. There are then the
complex conjugates of these four.

4.1. Exceptional algebras

All the examples so far given have been associated with the classical Lie algebras.
There are two Hermitian symmetric spaces EIIl and EVII, associated with the excep-
tional E-series. They possess respectively 16 and 27 independent complex potentials,
g;, which would satisfy a corresponding system of generalised bNLS equations. These
examples are left as an exercise for the reader.

5. Conclusions

This paper and its precursor (Fordy and Kulish 1983) have generalised the well known
vector DNLS and NLs equations (1.2) to similar equations associated with arbitrary
Hermitian symmetric spaces. The mixed single component NLS-DNLS equation of
Wadati et al (1979a) can be similarly generalised in an obvious fashion. The slightly
modified derivative nonlinear Schrodinger equation of Chen et al (1979):

ig, = g, +2iqq*q, (5.1)

has a linear problem (Dodd and Fordy 1983a, b) which is gauge equivalent to (1.3b)
with n=1. A multicomponent generalisation of (5.1) exists for each of the symmetric
spaces encountered in this paper. The linear problem (3.2) is gauge transformed with
an element of the subgroup K.
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However, the more exotic generalisation of Wadati et al (1979b) seems to be
restricted to the single component case. This will also be true of some of the other
single component, complex equations found in Dodd and Fordy (1983b).
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Appendix

In this appendix we indicate the proof of (3.10). We need to solve (3.7¢)-(3.7d):
[A, $4]=0,~[0Q, $?'] (Ala)
$2=[0,S"] (A1b)

Since the subalgebra t is spanned by [eg, e_,], B, y€ 8™, there exist functions SiZ,
such that:

S(kZ) = S(kz‘g'y[eﬁa e—y]' (Az)
Here and elsewhere in this appendix the summation convention is used. Therefore,
[Os 5(1(2) ] = S(sz)yqa[ea’ [eB’ e—y]]+ S(kzﬁ)ypa[e—m [837 e—y]] (A3)
so that
S’ =a ' (q%e.—pie-o + 53, (g% (ew €5 e, 1)~ P [e o, (€5 €, 1])) (Ad)

For S 55.3, to be locally defined, the right-hand side of (A15b) must be an exact derivative.
There are two parts to this right-hand side: first

a’'[q’es+ple s qie.—pie-.]=—a " (g"p").les e, (A5)
The second part is

(kzﬁgy[q ea"’P €_ 87q [em eB? —'y]] P [e—m[eﬂa —'y]]] (A6)

(A6) requires some manipulation, using Jacobi’s identities and [es, [e., (€3, -, ]]]=0.
The latter follows from (2.8iv). Expression (A6) reduces to

kﬁyq P [[63, e-—y] [669 e—zx]:] (A7)

which vanishes provided i3, xq®p” (remember the summation convention).

However, this proportionality is very reasonable, since it is implied bg the sca]mg and
phase symmetries. Furthermore, when (A7) vanishes (A1b) and (A5) imply:

522) = - a_lqﬂpy[eﬂv e—'y] (AS)
which is the solution (3.10).
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